Twisted Bilayer graphene (TBG) is known to feature isolated and relatively flat bands near charge neutrality, when tuned to special magic angles. However, different criteria for the magic angle such as the vanishing of Dirac speed, minimal bandwidth or maximal band gap to higher bands typically give different results. Here we study a modified continuum model for TBG which has an infinite sequence of magic angles θ at which, we simultaneously find that (i) the Dirac speed vanishes (ii) absolutely flat bands appear at neutrality and (iii) bandgaps to the excited bands are maximized. When parameterized in terms of α ∼ 1/θ, they recur with the simple periodicity of ∆α ≃ 3/2, which, beyond the first magic angle, differs from earlier calculations. Further, in this model we prove that the vanishing of the Dirac velocity ensures the exact flatness of the band and show that the flat band wave functions are related to doubly-periodic functions composed of ratios of theta functions. Also, using perturbation theory up to α 8 we capture important features of the first magic angle θ ≈ 1.09
Introduction. The recent discovery of correlated insulators and seemingly unconventional superconductivity in twisted bilayer graphene (TBG) [1, 2] has revived interest in TBG . Importantly, these phenomena are observed in a narrow range of twist angles near 1.05
• , i.e. the first magic angle where isolated and relatively flat band appear near the chemical potential [35] [36] [37] [38] . To date, the origin and recurrence of the magic angles is not clear, even whether it is a fundamental feature or the outcome of a numerical coincidence. By slightly modifying the continuum model of TBG we show that the appearance of the exactly flat band is a fundamental feature, with a remarkable mathematical structure that is exposed in this Letter.
Two graphene sheets placed on top of each other after twisting by a small relative angle form a long-period density wave pattern (Moiré pattern). For small angles θ, the distinction between commensurate and incommensurate structures can be ignored, giving the lowest branch of Moiré periods as L(θ) = a 0 /2 sin θ /2 (a 0 is lattice constant). The question of the electronic spectrum at arbitrary small angles was studied by Lopes dos Santos et al. [39] , and by Bistritzer and MacDonald and others [35] [36] [37] [38] using a continuum model who reported appearance of the flat band at a set of magic angles starting at θ * 1 ≈ 1.05
• . More recently, several groups have used the continuum model and studied the role of topology of flat bands near the magic angles [3, 5, 8, 14, 22, 24, [40] [41] [42] . However, despite recent advances the origin of the magic angles in TBG remains mysterious.
In this Letter, we refine the notion of the magic angle as the angle where the full band becomes flat; a more stringent requirement than the previous definition based on the vanishing of Fermi velocities at the Moiré Dirac points. For this, we introduce a slight variant of the traditionally studied continuum model, which is parameterized by two constants w 0 and w 1 which denote the inter-layer coupling in the AA and AB&BA regions respectively. Early studies [35, 36, 38, 39] set w 0 = w 1 which we denote as the Bistritzer-MacDonald continuum model (BM-CM). Here instead we consider the continuum model with w 0 = 0, which acquires a chiral symmetry (a unitary particle-hole symmetry) which we call the chirally symmetric continuum model (CS-CM). Previously, the w 0 and w 1 terms were related to the scalar and non-Abelian vector potential perturbations of the Dirac fermions in Ref. [43] and our approximation corresponds to switching off the scalar part. In the CS-CM where we switch off AA coupling completely but keep AB and BA finite, to our surprise a number of physical phenomena converge to the magic angles. Not only do the Fermi velocities of the Moiré Dirac points vanish, but under these conditions the band becomes perfectly flat at the recurrent set of magic angles (see Fig. 1 ). Moreover, the band gap to the excited bands is maximized at the same set of angles. We conclude that this is the fundamental model that captures the essence of the magic angle phenomena, which continues to influence the physics on tuning away from this special point. Here we explore the CS-CM model in more detail, both analytically and numerically, and finally discuss restoring the w 0 perturbation. While this model is motivated by its remarkable properties, interestingly we note that in the presence of lattice relaxation, the AB&BA regions expand at the expense of the AA regions effectively leading to a continuum model for TBG with reduced AA coupling [24] , i.e. with w 0 /w 1 < 1, enhancing the direct relevance of our model to the experimentally realized system.
Yet another connection that we find is the close relation between the Bloch wave function at the Dirac points and the magic angles. At the magic angles, these spinor wave functions vanish at the AB or BA sites of the Moiré unit cell. Furthermore, the wave functions of the flatband at all crystal momenta can be analytically derived, if it is known at one point in the Brillouin Zone. An interesting mathematical aspect here is that the wave function ratios are constructed from meromorphic doubly-periodic functions that are ratios of theta functions, similar to those appearing in the Quantum Hall Effect on the torus [44] . The CS-CM has a single coupling constant α = w 1 /(2v 0 k D sin(θ/2)) where v 0 and k D are the bare velocity and crystal momentum of graphene's Dirac fermions. We show that perturbation theory to high orders (up to α 8 ) matches with numerical results very accurately near the first magic angle. The sequence of magic angles that we find α = 0.586, 2.221, 3.751, 5.276, 6.795, 8.313, 9.829, 11.345,... reveals a remarkable asymptotic quasi-periodicity of ∆α ≃ 3/2. Comparing with the reported magic angles for the BM-CM, we see significant differences except for the first magic angle, see Table I . We finally turn on the AA-coupling and study numerically how the bandwidth and gap evolves and discuss the possibility of studying the second magic angle in experiments.
Continuum model for Twisted Bilayer Graphene. The continuum model describing a single valley of TBG con- siders two layers of graphene described by an effective Dirac fields near K, K ′ points of the moire (mini) Brillouin Zone, each rotated by an angle ±θ/2, and coupled through a Moiré potential T (r) [3, 14, 35, 39] :
where
with
where φ = 2π/3, k θ = 2k D sin(θ/2) is the Moiré modulation vector and k D = 4π/(3a 0 ) is the magnitude of the Dirac wave vector, where a 0 is the lattice constant of monolayer graphene. The Hamiltonian (1) acts on the spinor Φ(r) = (ψ 1 , χ 1 , ψ 2 , χ 2 ) T and the indices 1, 2 represent the graphene layer. Here w 0 is responsible for the AA coupling and w 1 is for AB and AB couplings.
Chirally symmetric continuum model. In this Letter, we study a model obtained from Hamiltonian (1) by setting w 0 = 0 [45] . Note, one can rotate the spinors to eliminate the rotation in the kinetic terms σ ±θ/2 → σ in the absence of the w 0 term. The dimensionless Hamiltonian now acts on a spinor Φ(r) = (ψ 1 , ψ 2 , χ 1 , χ 2 )
T , and can be compactly written in the form
where∂ = 1 2 (∂ x + i∂ y ) and U (r) = e −iq1r + e iφ e −iq2r + e −iφ e −iq3r . The Hamiltonian H has only one dimensionless parameter α = w 1 /(v 0 k θ ) which fully controls the physics of the system. A similar idea of switching off the parameter w 0 was investigated in Ref. [43] . It was argued there that the Hamiltonian (4) can be represented as H = σ(−i∇ + αA) and viewed as the Hamiltonian for Dirac fermions propagating in a background SU (2) non-Abelian field A. 
b. The band structure of the Hamiltonian (4) has some remarkable properties. First, the Hamiltonian is particlehole-symmetric, {H, σ z ⊗ 1} = 0, which implies the spectrum to be symmetric with respect to zero energy. Second, the entire lowest band becomes absolutely flat (ε 0 (k) = 0 for all k in mBZ) at the recurrent values of α corresponding to the magic angles θ of this model (see Fig. 1 ). The first magic angle of this model is given by α 1 ≈ 0.586, which corresponds to θ ≈ 1.09
• on taking w 1 = 110meV and 2v 0 k D = 19.81eV. Moreover, the magic angle sequence in our model reveals a simple quasiperiodicity in α with period ∆α ≃ 3/2 (see Fig.  3 ). However, in the continuum model with w 0 = 0 this feature is smeared out with increasing w 0 (see discussion below). All these remarkable features of the chirally symmetric continuum model (4) indicate that this model captures the origin of the magic angles in the most precise way.
Zero mode equation and Fermi velocity. We start from the fact that model (4) has two zero modes at the points K and K ′ of the mBZ for arbitrary α. This can be seen starting from α = 0. In this limit there are clearly four zero modes for eqn. 4, two each from the Dirac point in each layer. While the Dirac points in the two layers differ in crystal momentum, the pair of zero modes of each Dirac point differ in their C 3 rotation eigenvalue ω = e i2π/3 , and ω * = e −i2π/3 see e.g. [3] . Thus each zero mode is uniquely labeled by symmetry eigenvalues. Furthermore, these symmetries commute with the particlehole transformation σ z ⊗ 1. We can then consider each zero mode individually. On turning on α gradually, which preserves symmetry, each zero modes being unique must remain at zero energy.
The equation for the zero mode at the K point,
where K mn = mb 1 + nb 2 and b 1,2 = q 2,3 − q 1 are the two Moiré reciprocal lattice vectors. The K point corresponds to k = 0 and the renormalized Fermi velocity can be found through the first-order perturbation theory
where k,k = (k x ±ik y )σ 0 and Φ K (r) = (ψ K , χ K ) T . Using now relation χ K (r) = ψ * K (−r), we find the expression for the Fermi velocity as a function of α,
A striking result of this paper is however not just the vanishing of the Fermi velocity, but the flattening of the entire lowest band. Below we show that it is possible to find the absolute flat band solution because of a seemingly unrelated property, that the entire zero mode spinor at the Dirac point, ψ K (r) vanishes exactly at the BA stacking points and this happens precisely at the magic angles. Absolutely flat band. We now explain the origin of the absolutely flat band HΦ k (r) = ε 0 (k)Φ k , ε 0 (k) = 0 in our model. As follows from the Hamiltonian (4), the appearance of the perfectly flat band at the set of magic angles implies that equation
has a solution for arbitrary Bloch's vector k in mBZ. As we explained above this equation always has the zero mode solutions ψ K (r) at the point k = 0. To relate solutions of (9) at arbitrary k to the zero-mode ψ K (r), we make a transformation to a new wave function η k (r) = S(r)ψ k (r), with
and ρ K (r) = ψ † K ψ K is the density of the zero mode wave function. Applying transformation S(r) to the operator D(r), one finds
where h(r) = ρ
2 ) . From equation (11) we see that the only possible solution for the first component is η k,1 (r) = 0 [46] . The latest gives us an important relation between the flat-band wave function at the Dirac point K and the flat-band wave function at an arbitrary mBZ point k precisely at the magic angles,
Thus for the second component of the wave function η k (r) we have∂
which obeys the Bloch-periodic boundary conditions
2 ) are two Moiré lattice vectors. Equation (13) may have a non-trivial solution if only the entire spinor ψ K (r) become zero at some point. We show below that exactly at the angles where v F (α) = 0, ψ K,1 (r) and ψ K,2 (r) do both become zero at the point r 0 = 1 3 (a 1 − a 2 ) which correspond to BA stacking point (see Fig. 3 ). Therefore we can find a meromorphic solution,
where z = x + iy, a 1 = (a 1 ) x + i(a 1 ) y , ω = e iφ and ϑ a,b (z|τ ) is the theta function with rational characteristics a and b (see e.g. Ref. [47] ),
Using the properties of the theta function [47] , one can verify that the meromorphic solution (15) obeys the periodic boundary conditions (14) . Thus at the magic angles the wave functions ψ k (r) of the exactly flat band read
(z/a 1 |ω)
Note that under this construction, the zeros of ψ K (r) exactly cancel zeros of the theta function in the denominator.
AB AA BA Therefore, exactly at the magic angles, where ψ K (r 0 ) = 0, the wave functions (17) satisfy the zeromode equation (9) for all k in mBZ. Thus we showed that there is an perfectly flat band solution, ε 0 (k) ≡ 0.
Connection with the vanishing of Fermi velocity. Now we show that zero Fermi velocity is connected to zero of ψ K (r). Analyzing symmetries of the zero-mode operator D(r) one can check that if ψ K (r) is a solution to the equation D(r)ψ K (r) = 0, then ψ K (R φ r) is also a solution, where R φ denotes a counterclockwise rotation on angle φ. Similarly one finds that
where r 0 = 1 3 (a 1 − a 2 ). Since at α = 0 we have ψ K (r) = (1, 0) this implies for the zero-mode components at arbitrary α
The second equation implies that ψ K,2 (r) = 0 at r = ±r 0 for arbitrary α. Now to relate appearance of zeros in ψ K (r) to zeros of the renormalized Fermi velocity, we notice that the Fermi velocity is proportional to an integral of motion of the operator D(r) [48] 
where v(α) does not depend on coordinates and from (8) we see that v F (α) ∼ v(α). Using that ψ K,2 (±r 0 ) = 0 we find
And one can see from the equations of motion near the point r = −r 0 that ψ K,1 (−r 0 ) can not be zero. Therefore v F (α) = 0 means that ψ K,1 (r 0 ) = 0 and vice versa. Thus we finally obtain that v F (α) = 0 implies the existence of an absolutely flat band, whose wave functions are given by (17) . The appearance of zeros in v F (α) is not surprising, since this is just a real function of a single parameter. By varying this parameter one hopes that v F (α) crosses zero at some value of α. To check analytically that this actually happens in our model near α 1 ≈ 0.586 we use perturbation theory in α.
Perturbation theory in α. K point. One can analyze the zero mode equation (5) using perturbation theory in α, namely the spinor ψ K (r) should have the form
In general we can find u n (r) step by step to arbitrary order in α. Limiting ourselves to the first lowest terms we find
And perturbation formula for the renormalized Fermi velocity reads
This expression gives for the first magic angle α 1 ≈ 0.587, which is very close to the precise value α 1 ≈ 0.586. Therefore the perturbation theory for small α quantitively explaining the appearance of α 1 . Note that up to
2 ) was reported in a model with w 0 = w 1 [35] .
Γ point. In our notations the Γ point corresponds to k = q 1 in (6). The symmetries of the Hamiltonian (4) imply that χ Γ (r) = λ α σ x ψ Γ (r), where λ α = ±1, moreover one can also obtain that ψ Γ,2 (r) = iµ α ψ Γ,1 (−r), where µ α = ±1. Using the last equality and the equation (8) one immediately finds that the velocity at the Γ point is exactly zero, which means that the Γ point is the extremum for all bands. Finally using all symmetry relations we find that the whole spectrum at the Γ point is characterized by two equations
where the "−" captures all odd magic angles and "+" all even. One can study the equations (26) perturbatively for small α and find for the energy at the Γ point (which equals to half-bandwidth [49] )
and the wave function
where R γ r is a counterclockwise rotation on angle γ with tan(γ) = √ 3/5. We see that the equation (27) gives
Turning on w 0 . We turn on the w 0 terms in the T (r) matrix (3), but still neglect relative rotations in the kinetic terms σ ±θ/2 → σ. Then the dimensionless Hamiltonian has the form
and U 0 (r) = e −iq1r + e −iq2r + e −iq3r . We present numerical dependence for the gap between the lowest band and the next excited band at the first two magic angles as a function of w 0 /w 1 (see Fig. 4 ). Importantly, for the first magic angle the band gap vanishes at w 0 = w 1 .
Relevance to Experiments. We briefly discuss the importance of our model for experiments. First, we notice analytically and verify numerically that the first magic angle remains almost unchanged (α 1 ≈ 0.586) even if w 0 is continuously tuned on to approach the BM-CM models. In CS-CM model, however, the value of the first magic angle is 1.09
• vs 1.05
• in BM-CM. The former, perhaps fortuitously, is closer to the value reported in experiments [1, 2] . It is important to make connection with Ref. [24] , where it was argued that lattice relaxation effects shrinks the AA regions, thus reducing the value of w 0 by approximately 20%. Also we note, that due to finite and relatively large gap to the higher bands observed experimentally [1, 2] qualitatively resembles the CS-CM model. Furthermore, we predict the second magic angle (the angle where both the bandwidth has minimum and the band gap has maximum), occurs around α 2 ≈ 2, which converts to θ ≈ 0.22
• -0.29
• , depending on the precise value of the ratio w 0 /w 1 . It would be interesting to search for this angle in future experiments.
Discussion. -In this paper, we introduced a variant of the continuum model used to describe TBG, and show that the notion of magic angles acquires a remarkably robust character visible in several properties including the perfect flatness of the band at neutrality. We showed that the existence of the flat band is related to the appearance of zeros in the real space Bloch wave functions at the moire K (Dirac) point. Given that the model has flat bands, the appearance of the first magic angle can be precisely captured in perturbation theory in α, i.e. we find α when the bandwidth goes to zero. With chiral symmetry, the single valley band structure is known to be anomalous [3] (surface state of a three dimensional topological insulator in class AIII) which is only permitted since we begin with a continuum rather than a lattice model. The role of this anomaly in the flat band phenomena would be of great interest to explore. Our minimalistic model lies within a general class of continuum models for TBG allowed by symmetries. Other models (such as e.g. [35, 39] ) can be viewed as including perturbation on top of our model. The flat band model captures the essence of the flatness phenomena and thus the source of magic angles in a convenient way, and points to a rich underlying mathematical structure, uncovering which is left to future work.
